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Abstract. Experimental results show that in large complex networks (such as in-
ternet, social or biological networks) there exists a tendency to connect elements
which have a common neighbor. In theoretical random graph models, this tendency
is described by the clustering coefficient being bounded away from zero. Complex
networks also have power-law degree distributions and short average distances (small
world phenomena). These are desirable features of random graphs used for modeling
real life networks. We survey recent results concerning various random intersection
graph models showing that they have tunable clustering coefficient, a rich class of
degree distributions including power-laws, and short average distances.

1 Introduction

In this paper we present a selection of recent results showing the properties
of random intersection graphs desired for applications in network modeling.
In Section 2 we show how to pick parameters to obtain a random intersection
graph with a power-law degree distribution. In Section 3 we show how the
real-world network tendency to cluster is reproduced in random intersection
graphs. Section 4 deals with the existence of cliques, which is closely related
to clustering properties. In Section 5 we mention results on connectivity and
phase transition in random intersection graphs.

This article is intended to extend and supplement the accompanying paper
Bloznelis et al. 2015, where various models of random intersection graphs are
presented. Let us briefly remind that a random intersection graph is obtained
from the bipartite graph with the bipartition V ∪W , where each vertex vi from
V = {v1, . . . , vn} selects a set Di ⊂W of its neighbors in the bipartite graph
at random. Elements of W = {w1, . . . , wm} are called attributes. Assuming
that the sets D1, . . . , Dn are selected independently and according to the same
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probability distribution putting mass P (k)
(
n
k

)−1
on every set A ⊂ W of size

|A| = k, k = 0, 1, . . . ,m, we obtain the active random intersection graph
Gs(n,m,P ) on the vertex set V by declaring vi and vj adjacent whenever
|Di ∩Dj | ≥ s. Here P = {P (0), . . . , P (m)} is a given probability distribution
of the sizes Xi = |Di| of the random sets. The passive graph G∗s(n,m,P )
defines the adjacency relation on the set W : two attributes wi, wj are declared
adjacent if the pair {wi, wj} belong to s or more random subsets from the
list D1, . . . , Dn. We use special notation for the binomial graph Gs(n,m, p)
and the uniform graph Gs(n,m, d), which are active intersection graphs with
P = Bin(m, p) and P = δd (probability putting mass 1 on an integer d > 0),
respectively. The inhomogeneous random intersection graph G(n,m,P1, P2)
on the vertex set V is obtained from the bipartite graph, where attributes
wi ∈W are assigned random weights x1, . . . , xm distributed according to the
probability distribution P2, and vertices vj ∈ V are assigned random weights
y1, . . . , yn distributed according to P1. Given the realised values of weights,
links between wi and vj in the bipartite graph are inserted independently and
with probabilities min{1, xiyj(mn)−1/2}. Vertices vj , vr of G(n,m,P1, P2) are
declared adjacent whenever there is an attribute linked to both of them.

All presented results are asymptotic. We use Landau’s notation and
stochastic symbols consistently with Janson,  Luczak and Ruciński 2010.

2 Degree distribution

The number of neighbors of a vertex v1 of the active graph G1(n,m,P )

d(v1) =
∑

2≤j≤n

ID1∩Dj

counts random subsets that intersect with D1. Hence, given D1 the random
variable d(v1) has the binomial distribution Bin(n− 1, q), where the success
probability q = P(D1∩D2|X1) depends on the size X1 = |D1| of D1. Observ-
ing that q ≈ m−1X1EX2, for X1, X2 = oP (

√
m), and assuming that X1

√
n/m

converges in L1 to an integrable random variable Z, we can approximate the
distribution of d(v1) by a mixed Poisson distribution,

∀k P(d(v1) = k) ≈ E
λkX
k!
e−λX → E

(λZ)k

k!
e−λZ , as n,m→∞. (1)

Here λX = n
mX1EX1 converges to λZ = ZEZ (see Bloznelis 2008, 2010c,

Deijfen and Kets 2009, Jaworski et al. 2006, Rybarczyk 2012, Stark 2004).
More generally, for any given s ≥ 1 the degree d(v1) of a vertex v1 of

Gs(n,m,P ) has a mixed Poisson asymptotic distribution defined by the right-

hand side of (1), provided that
(
X1

s

)√
n/
(
m
s

)
converges to a random variable Z

in L1 (Bloznelis 2013). An extension of (1) to in- and out-degrees of a random
intersection digraph is shown in Bloznelis 2010a.
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The degree distribution of passive random intersection graphs has been
studied in Jaworski et al. 2006, Jaworski and Stark 2008 and Bloznelis 2013.
We say that vertices w,w′ ∈ W of a passive graph G∗1(n,m,P ) are linked
by the set Dj if w,w′ ∈ Dj . For example, every w′ ∈ Dj \ {w} is linked
to w ∈ Dj by Dj . The links created by D1, . . . , Dn define a multigraph on
the vertex set W . Let d(w1) denote the degree of w1 in G∗1(n,m,P ), and let
L1 = L1(w1) denote the number of links incident to w1. We first approximate
d(w1) = L1 + oP (1) and then establish the asymptotic distribution of L1. We
write

L1 =
∑

1≤j≤n

(Xj − 1)Iw1∈Dj (2)

and note that links contributing to the sum (2) come in bunches (the size
Xj − 1 of the j−th bunch counts neighboring elements to w1 from the set Dj

that covers w1). Since the conditional probability P(w1 ∈ Dj |Xj) = Xj/m
that Dj contributes Xj − 1 to sum (2) is OP (m−1), we may conclude that
the distribution of L1 is asymptotically a compound Poisson distribution in
the case where m and n are of the same order of magnitude. In order to
give a rigorous result we first assume that m/n → β for some β ∈ (0,∞).
Secondly, we assume that X1 converges in distribution to a random variable

Z and the moment EX
4/3
1 converges to EZ4/3 as n,m→∞. Then L1 together

with d(w1) converge in distribution to the random variable Z̃1+ Z̃2+ . . .+ Z̃Λ,
where Z̃1, Z̃2, . . . are independent random variables with common probability
distribution

P(Z̃1 = k) = (k + 1)P(Z = k + 1)/EZ, k = 0, 1, 2, . . . .

The random variable Λ is independent of the sequence Z̃1, Z̃2, . . . and Poisson
distributed with mean EΛ = β−1EZ.

The inhomogeneous graph G(n,m,P1, P2) retains some properties of the
active and passive models: It becomes an active graph for P2 = δd, and it
becomes a passive graph for P1 = δd. Therefore, it is not surprising that its
asymptotic degree distribution retains the structural components of active
and passive graphs, namely the mixed and compound Poisson. Thus, e.g., for
m/n→ β ∈ (0,∞) the degree d(v1) of a vertex v1 of G(n,m,P1, P2) converges
in distribution to the random variable τ1 + τ2 + . . .+ τΛ1

, where τ1, τ2, . . . are
independent and identically distributed random variables independent of the
random variable Λ1. They are distributed as follows. For r = 0, 1, 2, . . .

P(τ1 = r) =
r + 1

EΛ2
P(Λ2 = r + 1) and P(Λi = r) = E e−λi

λri
r!
, i = 1, 2.

Here λ1 = Y1β
1/2EX1, λ2 = X1β

−1/2EY1 (Bloznelis and Damarackas 2013).
Bloznelis and Karoński 2013 extended this result to a graph process.

Let us mention that all three models admit power-law asymptotic degree
distributions: For active and passive graphs this is the case, when Z has
a power-law distribution; for inhomogeneous graph this happens, when the
heavier of the tails of X1 and Y1 obeys a power-law.
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3 Clustering

Often relations between members of a real network look as if they were ge-
nerated by statistically dependent events: while exploring the network the
chances of a link u ∼ v seem to increase as we learn about common neighbors
of u and v. A convenient (theoretical) measure of such a dependence is the
conditional probability

α = P(u∗ ∼ v∗|u∗ ∼ t∗, v∗ ∼ t∗).

Here the triple of distinct vertices {u∗, v∗, t∗} is sampled uniformly at random.
We say that a (sparse) random graph model has the clustering property when-
ever this conditional probability (called clustering coefficient) is bounded away
from zero as the number of vertices tends to infinity. We refer to Barrat and
Weigt 2000, Newman et al. 2001, Newman 2003 and Strogatz and Watts 1998
for local and global empirical characteristics of real networks related to the
clustering property. We also consider a related conditional probability

αk = P(u∗ ∼ v∗|u∗ ∼ t∗, v∗ ∼ t∗, d(t∗) = k),

with the extra condition that the common neighbor t∗ has degree k (Foudalis
at al. 2011, Jackson and Rogers 2007, Ravasz and Barabási 2003). Another
interesting characteristic is the sequence of conditional probabilities

Cl(r) = P(u∗ ∼ v∗| d(u∗, v∗) = r), r = 0, 1, 2, . . . ,

where d(u, v) denotes the number of common neighbors of vertices u, v,
(Bloznelis and Kurauskas 2012). The function r → Cl(r) (called clustering
function) is a measure of the influence exercised by the common neighbors
on u and v to establish a relation. An attractive property of random inter-
section graph models is that such conditional probabilities (at least their first
order asymptotics as n,m→∞) can be calculated exactly.

Assuming that βn =
(
m
s

)
n−1 converges to some β ∈ (0,∞), and that(

X1

s

)
β
−1/2
n converges in distribution to a random variable Z and E

(
X1

s

)2
β−1n →

EZ2, where EZ2 < ∞, we obtain a first order asymptotics of the clustering
coefficient of Gs(n,m,P ),

α =
1√
β

EZ

EZ2
+ o(1) =

1√
β

(Ed∗)
3/2

Ed2∗ −Ed∗
+ o(1). (3)

Here d∗ is a random variable with the asymptotic degree distribution (1), see
Bloznelis 2013, Deijfen and Kets 2009. We remark that (3) revises an incorrect
result of Godehardt et al. 2012.

For the conditional probability αk of Gs(n,m,P ) we have (Bloznelis 2013),

αk =
1

k

EZ√
β

P(d∗ = k − 1)

P(d∗ = k)
+ o(1) =

1

k

√
Ed∗√
β

P(d∗ = k − 1)

P(d∗ = k)
+ o(1).



Properties of Random Intersection Graphs 5

In the case of a power-law asymptotic degree distribution we obtain from these
relations that αk ∼ ck−1, for large k. The scaling factor k−1 of the conditional
probability αk in fact has been empirically observed in real networks, see
Ravasz and Barabási 2003 and references therein.

A first order asymptotic of the clustering coefficient of the passive random
graph G∗1(n,m,P ) has been shown in Godehardt et al. 2012:

α =
β2
∗m
−1 (E(X1)2)

3
+ E(X1)3

β∗ (E(X1)2)
2

+ E(X1)3
+ o(1), β∗ := nm−1. (4)

Here it is assumed that E(X1)2 > 0 and E(X1)2 = o(m2n−1) as m,n → ∞.
The conditional probability αk is evaluated in Bloznelis 2013.

The clustering function r → Cl(r) of active, passive and inhomogeneous
models is studied in Bloznelis and Kurauskas 2012. The latter paper also
gives an asymptotic expression of the clustering coefficient of the inhomoge-
neous graph. Clustering coefficients of an intersection digraph are calculated
in Bloznelis 2010a. Clustering coefficients of an evolving random intersection
graph are given in Bloznelis and Karoński 2013. The relation between the
clustering coefficient and the assortativity coefficient (Pearson’s correlation
coefficient of degrees of the endpoints of a randomly chosen edge) is discussed
in Bloznelis et al. 2013.

4 Cliques

Karoński et al. 1999 observed that in random intersection graphs cliques are
“born” at much smaller edge densities than, for example, in the Erdős–Rényi
random graph with independent edges. In particular, in G1(n,m, p) with m =
m(n) = bnac and constant a > 0, the birth threshold for Kh (a clique of
size h, h a constant) is of the form

τ = τ(Kh, n) =

{
n−1m−1/h for 0 < a < 2h/(h− 1);

n−1/(h−1)m−1/2 for a ≥ 2h/(h− 1).
(5)

This means that with probability tending to 1 as n → ∞, G1(n,m, p) con-
tains (respectively, does not contain) a copy of Kh if p/τ →∞ (respectively,
p/τ → 0). Rybarczyk and Stark 2010 showed that on the threshold (for
p = cτ , where τ is given by (5)) the number of copies of Kh in G(n,m, p)
is approximately Poisson distributed with parameter λ, where λ = ch/h! if
a < 2h/(h−1), (i.e. almost all Kh arise from one attribute) and λ = ch(h−1)/h!
if a > 2h/(h − 1) (i.e. almost all Kh arise from various attributes), whereas
λ is the sum of the two, if a = 2h/(h − 1). The diversity of the answers is
explained by the fact that a clique of an intersection graph may correspond
to several different subgraphs of the underlying bipartite graph. For a similar
reason the description of the birth threshold of a complete subgraph of an
intersection digraph is a bit more complex, see Kurauskas 2013.
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In random intersection graphs the clustering property not only affects the
number of small cliques, but also the size of the largest clique (the clique
number). The largest clique of G1(n,m, p), with m = bnac, 0 < a < 1 and
mp2 = O(1) was considered by Nikoletseas et al. 2012. Motivated by a seem-
ingly different subject (the Erdős–Ko–Rado theorem), Balogh et al. 2009 con-
sidered the random k-uniform hypergraph where each of the

(
n
k

)
hyperedges

is included independently with the same probability. Their result yields the
clique number in G1(n,m, δd) for a wide range of parameters n, m and d.

Bloznelis and Kurauskas 2013 established an exact order of the clique
number of sparse active graphs G1(n,m,P ) and examined its relationship
with the clustering property and tail-fatness of the degree distribution. The
clique number is shown to diverge polynomially in n in the case of a power-law
asymptotic degree distribution having infinite second moment. A similar result
was obtained earlier by Janson,  Luczak and Norros 2010 for another random
graph model without the clustering property. In the case of a square integrable
asymptotic degree distribution the clique number of G1(n,m,P ) may still
diverge to infinity as n,m → ∞, but at a rate not faster than O( lnn

ln lnn ), see
Bloznelis and Kurauskas 2013 for exact asymptotics. Here a comparison with
the sparse random Erdős–Rényi graph having a clique number at most three
or with the corresponding random graph of Janson,  Luczak and Norros 2010
having a clique number at most four with high probability (w.h.p.), shows
that the clustering property indeed affects the clique number of G1(n,m,P ).
Finally, Bloznelis and Kurauskas 2013 provide simple polynomial algorithms
which find a clique of optimal order in G1(n,m,P ) with high probability.

We note that Balogh et al. 2009, Nikoletseas et al. 2012, Bloznelis and Ku-
rauskas 2013 discover the same phenomenon: For a wide range of parameters
the largest clique in an intersection graph is formed by a single attribute.

5 Connectivity and related properties

A key issue considered in network analysis is information transmission. This
includes routing protocols and questions related to them such as network
connectivity, the size of the largest component, the diameter, and average
distances between vertices. As an example we state the problem of how to
pick the parameters of a secure wireless sensor network with random key
predistribution to ensure that all (or at least 95%) of sensors are able to
transmit information fast among each other (see Eschenauer and Gligor 2002).
This problem comes down to the following question: given n, how to pick m(n)
and d(m) so that G1(n,m, δd) is w.h.p. connected (has a giant component of
size 0.95n) and has diameter of size O(lnn) (see Blackburn and Gerke 2009,
Bloznelis et al. 2009, Rybarczyk 2011a).

A nice property of the classical Erdős–Rényi random graph G, where edges
are inserted independently and with the same probability denoted p̂(G), is that

1. G exhibits phase transition near p̂(G) = 1/n, i.e. for p̂(G) = c/n
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• if c < 1 then w.h.p. all connected components of G are of size O(lnn);
• if c > 1 then w.h.p. in G there is exactly one connected component of

size Θ(n) and all other connected components are of size O(lnn).
2. For p̂(G) = (lnn+ cn)/n
• if cn → −∞ then w.h.p. is disconnected;
• if cn →∞ then w.h.p. is connected.

An interesting question is whether and how these properties may extend
to random intersection graphs. The answer for G1(n,m, δd) was given in
Blackburn and Gerke 2009, Rybarczyk 2011a, Yagan and Makowski 2012.
For G(n,m, p) the phase transition is shown in Behrisch 2007, Lager̊aas and
Lindholm 2008. The connectivity threshold is shown in Rybarczyk 2013,
Singer 1995.

For the general Gs(n,m,P ) model we have knowledge about the phase
transition and the size of the giant component of Gs(n,m, p) and Gs(n,m, δd)
for s ≥ 1 (Bloznelis et al. 2009), the connectivity and perfect matching thresh-
old of Gs(n,m, δd) for s ≥ 1 (Bloznelis and  Luczak 2013), the phase transi-
tion and the size of the giant component of G1(n,m,P ) (Bloznelis 2010b,
Bloznelis 2010c), the connectivity threshold and the phase transition of
G1(n,m,P ) and G∗1(n,m,P ) (Godehardt et al. 2007). For inhomogeneous
intersection graphs we refer to Rybarczyk 2013 and Bradonjic et al. 2010.

Distances between vertices of a random intersection graph (distance dis-
tribution, typical distances, diameter) have been considered in Barbour and
Reinert 2011, Bloznelis 2009, Rybarczyk 2011a.

We note that generally random intersection graphs may tend to act sim-
ilarly to an Erdős–Rényi random graph for m large comparing to n and dif-
ferently otherwise. However what “m large” means depends on the studied
property. This conjecture is supported by results concerning Hamilton cycles
(see Nikoletseas et al. 2011, Bloznelis and Radavičius 2011, Rybarczyk 2013),
Also greedy algorithms perform differently on random intersection graphs. For
smallm, unlike in Erdős–Rényi graphs, greedy algorithms construct an asymp-
totically optimal independent set in G1(n,m, p) and G1(n,m, δd) (see Rybar-
czyk 2014), an almost optimal coloring in G1(n,m, p) (Behrisch et al. 2009)
and G1(n,m, δd) (Kurauskas and Rybarczyk 2013).

Finally let us mention two other areas where models and results for random
intersection graphs were recently used. In Ball et al. 2013, Britton et al. 2008
epidemic processes were studied while Blackburn et al. 2012 applied random
intersection graphs results in cryptology.
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BLOZNELIS, M. and RADAVIČIUS, I. (2011): A note on Hamiltonicity of uniform
random intersection graphs. Lithuanian Mathematical Journal, Vol. 51 Issue 2,
155–161.

BRADONJIC, M., Hagberg, A., HENGARTNER, N.W. and PERCUS, A.G. (2010):
Component evolution in general random intersection graphs. In: R. Kumar, D.
Sivakumar (Eds.): WAW 2010, LNCS 6516. Springer, Berlin–Heidelberg, 36–49.

BRITTON, T., DEIJFEN, M., LINDHOLM, M. and LAGERÅS, N.A. (2008): Epi-
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LAGERÅS, A.N. and LINDHOLM, M. (2008): A note on the component structure
in random intersection graphs with tunable clustering, Electronic Journal of
Combinatorics, 15(1).

NEWMAN, M.E.J. (2003): Properties of highly clustered networks, Physical Review
E, 68. 026121.

NEWMAN, M.E.J., STROGATZ, S.H. and WATTS, D.J.(2001): Random graphs
with arbitrary degree distributions and their applications, Physical Review E,
64. 026118.

NIKOLETSEAS, S., RAPTOPOULOS, C. and SPIRAKIS, P.G. (2011): On the
independence number and Hamiltonicity of uniform random intersection graphs,
Theoretical Computer Science, 412, 6750–6760.

NIKOLETSEAS, S., RAPTOPOULOS, C. and SPIRAKIS, P. (2012): Maximum
cliques in graphs with small intersection number and random intersection
graphs, Mathematical Foundations of Computer Science, Springer, Berlin –
Heidelberg, 728–739.

RAVASZ, E. and BARABÁSI, A.L. (2003): Hierarchical organization in complex
networks, Physical Review E, 67, 026112.

RYBARCZYK, K. (2011a): Diameter, connectivity, and phase transition of the uni-
form random intersection graph, Discrete Mathematics, 311, 1998–2019.

RYBARCZYK, K. (2011c): Sharp threshold functions for random intersection
graphs via a coupling method, The Electronic Journal of Combinatorics, 18(1),
P36.

RYBARCZYK, K. (2012): The degree distribution in random intersection graphs. In:
W. Gaul, A. Geyer-Schulz, L. Schmidt-Thieme, J. Kunze (Eds.): Challenges at
the Interface of Data Analysis, Computer Science, and Optimization. Springer,
Berlin – Heidelberg – New York, 291–299.

RYBARCZYK, K. (2013): The coupling method for inhomogeneous random inter-
section graphs, arXiv:1301.0466.

RYBARCZYK, K. (2014): Constructions of independent sets in random intersection
graphs, Theoretical Computer Science, 524, 103–125.

RYBARCZYK, K. and STARK, D. (2010): Poisson approximation of the number of
cliques in random intersection graphs, J. Appl. Probab., 47, 826–840.

SINGER, K. (1995): Random intersection graphs, Ph.D. Thesis, The Johns Hopkins
University.

STARK, D. (2004): The vertex degree distribution of random intersection graphs,
Random Structures and Algorithms, 24, 249–258.

STROGATZ, S.H. and WATTS, D.J. (1998): Collective dynamics of small-world
networks, Nature, 393, 440–442.

YAGAN, O. and MAKOWSKI, A.M. (2009): Random key graphs – can they be
small worlds? In: 2009 First International Conference on Networks & Commu-
nications, 313–318.

Keywords

COMPLEX NETWORKS, RANDOM INTERSECTION GRAPH, RANDOM
INTERSECTION DIGRAPH, CLUSTERING COEFFICIENT, ASSORTA-
TIVITY COEFFICIENT, CONNECTIVITY


